A simplification of the proof of the existence of the extremal 
function for the Moser-Trudinger inequality 
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1 Introduction: 

In |Llj and |L2j . the author has proved the existence of the extremal function for the Moser- 
| Trudinger inequality on a compact Riemannian manifold. In |L2j . one of the key proposition 

is the following 

Proposition 1.1 Let (M,g) be a closed compact Riemannian manifold, and 

> ; F(u) = / e^M- 1 . 

CN . J M 

O 

C\| ■ If the sup of the F on 

^ : H = {u: [ \Vu\ n dV g = 1, f udV g = 0}, 

O 1 J M J M 

' can not be attained, then 

a 

g ! SUp F (u) < \M\ + ^zV^ p+ l+l/2+...+l/(n-l) 

> 

^ \ for some p G M. 

b : i 

Here a n = nui™_\ , u> n -i is the volume of the unit sphere on M. n , and 

1 

S p = lim (G H log dist(p, x) n ). 

In section 5 of |L2j . the author proved the above proposition with capacity estimate. Since 
we had no idea on the speed of convergence of the blow up sequence, we had to choose a 
sequence of Green functions to get the estimate. So the proof seemed too complicated to be 
understood. In this short paper, we will simplify the proof. I hope the new proof is easier to 
be understood . 

The proof in this paper depends on the following theorem belong to Carleson and Chang: 
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Theorem A. If | C-Cp Let B be the unit ball in W 1 . Assume u k be a sequence in Hq ,u {B) 
with f B |Vufc| n = 1. If \Vuk\ n dx —r 5o, then 

/n 
e""!"^ < |£|(l + e 1 + 1 /2+-+i/(n-i)). 
B 

Remark: Since we do not get any new results, we will not publish this paper. 

2 Review of results in section 4 of [IL2j 

Let Uk € Hq ,ti {M) which satisfies J M u k = 0, f M \Vu k \ n dV g = 1 and 

n r n 

e Mu k \^ dVg= sup / e^N^rfVg, 

M J M \Vv\"dV a =l,f M v=0JM 

where {f3 k } is an increasing sequence which converges to a n . Then we have 
where sign{u k ) is the sign of u k . It is obvious that 



I n-l 

y 1 -Ik, 



\k= / \u k \ — e^ — dV g , lk 

J M J M A fc 

and 

/n r n 

e a n \u\^ d y g= Hm / e 0k\u k \^ dVg _ 
, ly , M k^ooj M 

Let c k = m&x\u k (x)\ = m&xu k (x), and x k — > p. Let \eAx)\ an orthogonal basis of TM 

near xq and exp x : T X M — » M be the exponential mapping. Let B r be the ball in W 1 . The 
smooth mapping E : Bs(xq) x B r — > M is define to be 

E(x,y) = exp x (y t e i (x)). 

We set 

d d 
9ij{x,y) = {(exp x )*^,(exp x )*-Q-^) E ( x , y y 

It is well-known that, we can find a constant a, s.t. 

h{x,y) - i\\c°{B S xB r ) < a \y\ 2 

when 5 and r are sufficiently small. 

Let r? = — — 77—, then we have r k — > and 

n— 1 Ph c i 

n -^-r 

ra— 1 



n 



-facl (u k (E(x k ,r k x)) - c k ) -» -nlog(l + c„r™-i) 
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on any -Bl(O), where c n = ( 5 ^ J -)™~ 1 - Note that Uk(E(xk,rkx)) is the function defined on 
Bj_ C W\ 



Moreover, we can get c£ 1 uj t —r G in H 1,q (M) for any q < n, and 



c^Uk-G (2.1) 



G 1 smoothly on any M \ Bs(p), where G is the Green function defined by 

f ~^nG = S p - jjjpj 

We can prove that 

r n r n 

lim / e^ Uk ^dV g = n(M) + lim lim / e^ Uk ^ dV g . (2.2) 

k^+ooJ M L^+oofe^+oo JB Lrk (x k ) 

Moreover, on any domain which contains p, we have 



/ n 
e^r 1 = \n\. (2.3) 
n\Br r , (x h ) 



lim lim 

3 The proof of Proposition 1.1 

Let S and r be sufficiently small s.t. 

\9ij(xk,y) ~ < A\y\ 2 
for some constant A which is independent of k. Then, we can find a constant a, s.t. 

i=i y 



for any ip £ G°°. 

Let 6^ = supg Bi Ufc, and u' fc = (u^ — We set /(y) = IM^MlE , where a is chosen 

suitably large so that / < 1 on B$(0). We have 

IVoKI < |v<lbl^ + |v /lKI- 

Then 

n 

ivoKr< \vuxV\9\+cY,\^<\ n ~ k \<\ k - 

k=i 

Here, c is a constant. 
Then 

P(S) 

L k\ uv g "i — ~w~ ) 



/ \V fu' k \ n dx<l - [ \Vu' k \ n dV g + 

J B s (x k ) J M\B s (x k ) Ck 



n-l 
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where 



_ 2 dG 

dn 



p(6)=2cJ2 ! \VG\ k \G\ n ~ k dV 9 . 

k=l B ?S(P) 

Given 5 > 0, we set xg G dB$, s.t. G{xs) = sup G{x). Let 

xeB s 

G(xs) = -—logS n + S p + b 5 , 

and 

n s = {x: G(x) > G 5 }. 

Then b$ — > as 5 — > and 

lim / c^lV^rcZVg = / |VG|W ff 

k-*+ooJ M \B s (x k ) J M\B s (p) 

= [ \VG\ n dV 9 

= I -nun dv 9 + G 4 l VG l" 

J n c n(M) J dng 

= 0{5 n \og5) + G 5 . 
If we set Tk = f B \Vofu' k \ n dx, then by Theorem A.I., we have 

r -A-\fK\^ 

lim / e^r 1 ^< 5 n^(i + e i+V2+-+i/(n-i) ) _ 

k^+ooj Bg n 

On one hand, for any g < 5, 

/ l IJ a k.\ i /> n 

e T <T <0(— ) lim lim / e A|Mfcl dVg = o e (l). 

B e \B Lrk (x k ) ° n L^+ook->+ooJ B e \B Lrk (x k ) 

On the other hand, for a fixed g, 

lim / e T fc™ 1 — ► \B S \ B Q \. 

k^+ooj Bg \ g 

Letting g — ► 0, we get 

lim lim / e T * = 
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Hence we get the following identity: 



■4- IK 1 5 



lim lim / < e i+i/2+...+i/(n-i) 

L^+ook^+oo J B L (x k ) n 



If we fix an L, then on BLr k (xk), f = 1 + 0(e 2 c fe ) ; and then we have 



1 



< (1 - — 1 =tt; ) 



n — 1 



^\fu' k \^-^ l {^)^G{x s ) + e(5,k)\^ k \^ 1 - 



where lim lim e(5, k) = 0. 
Furthermore, we have 



n . n . n fl . i 

AKI- 1 =/3fcK + 6fc|»- 1 < AtKl- 1 +A^< + o(— ). 



r n-l 



-k 

It is easy to be deduced from (2.1) that 

-^-C^)^G(x s ) + fa^—b k u' k {x) < - log S n + a n S p + 0fc (l), 
n — 1 Cfc n—1 

for any x € BL rk (x k ) and sufficiently large fc. Hence we get 

lim lim / e AKI^ < h,rt ~ 1 (g i+i/2+-+i/(n-i)+a rt S p _ 



L— >+oo fc— >+0O / R r fi 



So, we can imply Proposition 1.1 from (2.2). 
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